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We evaluate, analytially, a spei lass of eighthorder and tenthorder QED ontributions to
the anomalous magneti moment of the muon. They are generated by Feynman diagrams involving
lowest order vauum polarization insertions of leptons l = e, µ, and τ . The results are given in the
form of analyti expansions in terms of the mass ratios me/mµ and mµ/mτ . We ompute as many
terms as required by the error indued by the present experimental unertainty on the lepton masses.
We show how the MellinBarnes integral representation of Feynman parametri integrals allows for
an easy analyti evaluation of as many terms as wanted in these expansions and how its underlying
algebrai struture generalizes the standard renormalization group properties. We also disuss the
generalization of this tehnique to the ase where two independent mass ratios appear. Comparison
with previous numerial and analyti evaluations made in the literature, whenever pertinent, are
also made.
PACS numbers:
I. INTRODUCTION
The present experimental world average of the anomalous magneti moment of the muon aµ, assuming CPT
invariane, viz. aµ+ = aµ− , is
a(exp)µ = 116 592 080 (63)× 10−11 (0.54 ppm) , (1.1)
where the total unertainty inludes a 0.46 ppm statistial unertainty and a 0.28 ppm systemati unertainty,
ombined in quadrature. This result is largely dominated by a series of preise measurements arried out at the
Brookhaven National Laboratory (BNL) during the last few years, by the E821 ollaboration, with results reported in
ref. [1℄ and referenes therein. The predition of the Standard Model, as a result of ontributions from many physiists
is [31℄
a(SM)µ = 116 591 785 (61)× 10−11 , (1.2)
where the error here is dominated at present by the lowest order hadroni vauum polarization ontribution unertainty
(±46.6 × 10−11), as well as by the theoretial unertainty in the hadroni lightbylight sattering ontribution,
estimated to be ±40 × 10−11. Errors here have also been ombined in quadrature. The results quoted in (1.1) and
(1.2) imply a 3.4 standard deviation in the dierene
a(exp)µ − a(SM)µ = (295± 88)× 10−11 . (1.3)
This 3.4 σ deviation deserves attention. Ideally, and before one an attribute the present disrepany to new
Physis, one would like to redue the theoretial unertainties as muh as possible, parallel to a new experimental
eort toward an even more preise measurement of aµ [3, 4℄. It is also important to reexamine ritially the various
theoretial ontributions to Eq. (1.2); primarily the hadroni ontributions of ourse, but also the higher order QED
and eletroweak ontributions. It would be reassuring to have, at least, two independent alulations of some of these
ontributions, as well as of the higher order estimates. The purpose of this artile is a rst step (albeit a small one)
in this diretion.
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2We shall be onerned with a spei lass of eighthorder and tenthorder QED ontributions to aµ illustrated by
the Feynman diagrams shown in Fig. 1 and Fig. 2 below. The ontribution from the diagrams in these gures with
no τ vauum polarization insertions i.e., diagrams (A), (B) and (C) in Fig. 1 and diagrams (A), (B), (C) and (D) in
Fig. 2, have been estimated numerially by Kinoshita and Nio in refs. [5℄ and [6℄ (see also ref. [7℄). There are also
analyti results of the same diagrams, published by Laporta [8, 9℄, in the form of analyti expansions in terms of the
eletron to muon mass ratio
me
mµ
. To our knowledge, the diagrams in Fig. 1 (D) and Fig. 2 (E) involving a tau loop
vauum polarization insertion have not been onsidered before. We nd for these ontributions the following results:
a(eeτ)µ =
(α
π
)4
0.002 748 6(9) and a(eeeτ)µ =
(α
π
)5
0.013 057 4(4) , (1.4)
where the errors are the ones indued by the present auray in the determination of the lepton masses. As one an
see from the other results reported in the Appendix, the ontribution from the diagrams in Fig. 2 (E) is of the same
size as the one from the diagrams in Fig. 2 (D).
In a previous paper [10℄, it has been shown how the MellinBarnes integral representation of Feynman parametri
integrals ombined with the onverse mapping theorem [11℄, allow for an easy evaluation of as many terms as wanted
in the asymptoti behaviour of Feynman diagrams in terms of a mass ratio. We shall show how this tehnique applies
to the evaluation of the lass of diagrams onsidered here, and how to generalize it to the ase where two independent
mass ratios, like
me
mµ
and
mµ
mτ
in the diagrams in Fig. 1 (D) and Fig. 2 (E), enter into onsideration. We shall do that
in a rather detailed way for various reasons:
• We nd, regretfully, that many analyti alulations found in the literature provide very few details about the
tehniques employed; yet it would be useful to ompare the eieny of dierent methods when planning new
more omplex alulations.
• Giving details on some of the intermediate steps of omplex alulations an only help to see the qualities and
limitations of the methods employed and, oasionally, to spot potential errors.
• As explained in ref. [12℄ many years ago, there is a large lass of higher order ontributions whih an be estimated
using renormalization group arguments: powers of log
mµ
me
terms at a given order are algebraially related to lower
order ontributions. Subsequent appliations have been made by many other authors [32℄; however, very little is
known about how to extend renormalization group arguments to subleading terms: onstant terms and powers
of log
mµ
me
suppressed by
me
mµ
powers. The MellinBarnes tehnique that we are advoating provides a preise
answer to that question: as we shall see, in the MellinBarnes representation, the asymptoti ontributions at
a given order fatorize in terms of well dened moments of lower order ontributions.
• Having a powerful tehnique to obtain asymptoti expansions provides a useful alternative to the omputation
of exat analyti expressions, whih are often very ompliated and umbersome. After all, ratios of masses are
known from experiment only to a xed auray; the assoiated error propagates into a numerial unertainty of
the exat analyti result in any ase. Computing as many terms in the orresponding asymptoti expansion, as
required by the experimental preision in the masses involved, provides an easier alternative to the omputation
of an exat analyti result, with the same pratial auray. The alulations in this paper have all been done
within this spirit.
• Finally, we think that it is important to have an independent way to hek the preision of the ontributions
evaluated numerially. Many of the multidimensional integrals involved in higher order alulations are far from
trivial, whih has obliged the experts to develop skillful methods. The numerial results are often dominated by
a statistial error whih is larger than the error indued by the experimental determination of the lepton masses.
As we shall see, within this limited preision, we nd that all the results of Kinoshita and ollaborators [5, 6, 7℄
heked in this paper are orret, within less than one standard deviation of their estimated error, whih is a
remarkable performane.
The paper has been organized as follows. The next setion summarizes well known results about lepton vauum
polarization and the way we hoose to express the various ontributions to the muon anomalous magneti moment.
Setion III gives a detailed desription of the MellinBarnes tehnique and the onverse mapping theorem as applied
to the eighthorder and tenthorder ontributions that we are onsidering. We also disuss in this setion the
underlying algebrai properties whih generalize the usual renormalization group onstraints previously disussed in
the literature. Setion IV ontains a disussion of the evaluation of the various moment integrals whih appear in
the intermediate steps. They an all be done analytially and we give expliit expression for all of them; but we also
show how in pratie, the evaluation of a nite number of terms in the ultimate expansion, only requires the expliit
3knowledge of approximate expressions for these moments. This is important to know, in view of more ompliated
situations that one may very well enounter when onsidering other Feynman diagrams. The nal evaluation of the
eighthorder diagrams is done in Setion V and of the tenthorder diagrams in Setion VI. Setion VII is dediated
to the generalization of the tehniques disussed in previous setions to the ase where three mass sales appear. The
alulation of the diagrams in Figs. 1 (D) and 2 (E) are nontrivial examples of appliations of this new tehnology.
Finally, we ollet in an Appendix all the results that we have omputed in this paper.
II. PHOTON PROPAGATOR AND THE MUON ANOMALY
We are interested in the replaement of a free photonpropagator by the dressed propagator
Dαβ(q) = −i
(
gαβ − qαqβ
q2
)
1
q2
1
1 +
∑
lΠ
(l)(q2)
− iaqαqβ
q4
, (2.1)
where Π(l)(q2) denotes the proper vauum polarization selfenergy ontribution indued by a lepton loop l = e, µ, τ
and a is a parameter reeting the gauge freedom in the freeeld propagator (a = 1 in the Feynman gauge). In fat,
all the diagrams whih we shall be onsidering here are gauge independent and, therefore, the term i(1− a) qαqβq4 does
not ontribute to their evaluation.
The perturbation theory expansion generates a series in powers of the funtions Π(l)(q2). Here we shall be onerned
with a partiular seletion of the terms in this series, namely those with three and four powers of the lowest order
Π(l)(q2) selfenergies; more preisely with the terms:
1
1 +
∑
lΠ
(l)(q2)
.
= −
[
Π(e)(q2)
]3
− 3
[
Π(e)(q2)
]2
Π(µ)(q2)− 3 Π(e)(q2)
[
Π(µ)(q2)
]2
(2.2)
−3
[
Π(e)(q2)
]2
Π(τ)(q2) (2.3)
+
[
Π(e)(q2)
]4
+ 4
[
Π(e)(q2)
]3
Π(µ)(q2) + 6
[
Π(e)(q2)
]2 [
Π(µ)(q2)
]2
+ 4 Π(e)(q2)
[
Π(µ)(q2)
]3
(2.4)
+4
[
Π(e)(q2)
]3
Π(τ)(q2) . (2.5)
When inserted in the freephoton propagator of the lowest order one loop muon vertex, these terms generate the
four types of Feynman diagrams olleted in Fig. 1 and the ve types of diagrams olleted in Fig. 2. The Feynman
diagrams in these gures give, respetively, eighth order and tenth order ontributions to the anomalous magneti
moment of the muon, whih are enhaned by powers of log
mµ
me
fators. This is why we are interested in these terms.
The reason why we only keep the terms in (2.3) and (2.5) with one power of Π(τ)(q2) is beause, in spite of the
enhanement by log
mµ
me
fators, the τloop indues a suppression fator ∼ m
2
µ
m2τ
. Contributions from two or more
powers of Π(τ)(q2) fators to the muon anomaly will be, therefore, negleted.
A very onvenient integral representation for the ontribution to the muon anomaly from the graphs in Fig. 1 and
Fig. 2 an be obtained as follows. First we write a dispersion relation for the onshell renormalized photon propagator
indued by eletron selfenergy loops only. This generates the following set of relations:[
Π(e)(q2)
]j
=
∫ ∞
0
dt
t
q2
t− q2 − iǫ ρj
(
4m2e
t
)
, j = 1 , 2 , 3 , 4 , (2.6)
with
ρ1
(
4m2e
t
)
=
1
π
ImΠ(e)(t) , (2.7)
ρ2
(
4m2e
t
)
=
1
π
{
2 ReΠ(e)(t) ImΠ(e)(t)
}
, (2.8)
ρ3
(
4m2e
t
)
=
1
π
{
3
[
ReΠ(e)(t)
]2
ImΠ(e)(t)−
[
ImΠ(e)(t)
]3}
, (2.9)
ρ4
(
4m2e
t
)
=
1
π
{
4
[
ReΠ(e)(t)
]3
ImΠ(e)(t)− 4ReΠ(e)(t)
[
ImΠ(e)(t)
]3}
. (2.10)
4Using these representations, the ontribution to the muon anomaly from the various terms in the series in
Eqs. (2.2), (2.3) and (2.4), (2.5) an be viewed as the onvolution of eletron spetral funtions, modulated by
powers of the muon or tau self-energy funtions, with a freephoton propagator replaed by a titious massive
photon propagator:
− igαβ 1
q2
⇒ −igαβ (−1)
q2 − t+ iǫ . (2.11)
The muon vertex loop integral over the virtual qmomenta an then be traded by a Feynman xparameter integral
(see the review artile in ref. [15℄ and the earlier referenes therein), with a net ontribution to the muon anomaly,
up to an overall ombinatorial fator F(j,p) whih an be read from the expansion in Eqs. (2.2) to (2.5):
a(j,p)µ =
α
π
∫ ∞
0
dt
t
∫ 1
0
dx
x2(1− x)
x2 + tm2µ
(1− x) F(j,p)
[
Π(l=µ ,τ)
( −x2
1− xm
2
µ
)]p
ρj
(
4m2e
t
)
, (2.12)
where p = 0, 1, 2, 3 when l = µ and p = 1 when l = τ , while the index j ounts the number of eletron loops in the
vauum polarization; therefore
F(3,0) = 1 , F(2,1) = 3 , F(1,2) = 3 , (2.13)
and
F(4,0) = −1 , F(3,1) = −4 , F(2,2) = −6 , F(1,3) = −4 . (2.14)
Notie that in the proess of trading the integral over the virtual qmomenta by the Feynman parameter x, one has
obtained the eetive replaement:
q2 ⇒ −x
2
1− xm
2
µ , (2.15)
in the muon and tau selfenergy funtions.
The lowest order vauum polarization selfenergy funtions in QED are well known. We shall use the representations
given in ref. [16℄. With
δ =
√
1− 4m
2
e
t
, (2.16)
the lowest order spetral funtion for the eletron is
1
π
ImΠ(e)(t) =
α
π
δ
(
1
2
− 1
6
δ2
)
θ
(
t− 4m2e
)
, (2.17)
and the real part
(
δ =
√
1− 4m2eq2
)
is
ReΠ(e)(q2) =
(α
π
) [8
9
− 1
3
δ2 + δ
(
1
2
− 1
6
δ2
)
log
|1− δ|
1 + δ
]
. (2.18)
We shall also need the expression for the vauum polarization selfenergy indued by a muon loop, in the eulidean
region, and as a funtion of the Feynman xparameter:
Π(µ)
( −x2
1− xm
2
µ
)
=
(α
π
)[5
9
+
4
3x
− 4
3x2
+
(
−1
3
+
2
x2
− 4
3x3
)
log(1− x)
]
; (2.19)
as well as the one indued by a tau loop whih, for our purposes, it is more onvenient to keep in the Feynman
parametri integral representation:
Π(τ)
( −x2
1− xm
2
µ
)
= −α
π
∫ 1
0
dz2z(1− z) log
[
1 +
x2
1− xz(1− z)
m2µ
m2τ
]
. (2.20)
5III. THE MELLINBARNES REPRESENTATION AND THE RENORMALIZATION GROUP
It is now useful to introdue the two MellinBarnes integral representations [33℄ :
x2(1− x)
x2 + tm2µ
(1− x) =
1
2πi
cs+i∞∫
cs−i∞
ds
(
4m2e
t
)s(
4m2e
m2µ
)−s
x2s(1− x)1−s Γ(s)Γ(1 − s) , (3.1)
where the threshold sale 4m2e is hosen for later onveniene, and [34℄
log
[
1 +
x2
1− xz(1− z)
m2µ
m2τ
]
=
1
2πi
ct+i∞∫
ct−i∞
dt
(
m2µ
m2τ
)−t [
x2
1− xz(1− z)
]−t
Γ(t)
t
Γ(1− t) , (3.2)
where the integration paths along the imaginary axis are dened in the fundamental strips [11℄:
cs = Re(s) ∈ ]0, 1[ and ct = Re(t) ∈ ]− 1, 0[ . (3.3)
The interest of these representations lies in the property that the dependene on the physial mass ratios
4m2e
m2µ
and
m2µ
m2τ
is then fully fatorized and the Feynman parametri integrals one is left with are then those of a massless ase.
The only new feature is that they have to be omputed as funtions of the Mellin somplex variable, in the ase of
eletron and muon loops only; and as funtions of the (s , t)omplex manifold in the ase of eletron, muon and tau
loops. In all the ases we shall be onerned with here, it is possible to obtain analyti expressions for these funtions
in a rather straightforward way. In fat, they turn out to be rational funtions of produts of Gamma funtions and
Polygamma funtions whih depend linearly on the Mellin variables s, or s and t.
Let us rst disuss the ase where we only have one Mellin somplex variable. It orresponds to the Feynman
diagrams where only two mass sales are involved (i.e. the ase where l = µ in Eq. (2.12)). Using the representation
in Eq. (3.1) one an rewrite Eq. (2.12), for a xed p and j, as follows
aµ =
α
π
1
2πi
cs+i∞∫
cs−i∞
ds
(
4m2e
m2µ
)−s
M(s) , (3.4)
with
M(s) = Γ(s)Γ(1 − s)
∫ 1
0
dx x2s(1− x)1−s F(j,p)
[
Π(µ)
( −x2
1− xm
2
µ
)]p ∫ ∞
0
dt
t
(
4m2e
t
)s
ρj
(
4m2e
t
)
. (3.5)
The onverse mapping theorem relates the asymptoti behaviour of aµ as a funtion of the small mass ratio 4m
2
e/m
2
µ, to
the singularities of the integrandM(s) as a funtion of the Mellin somplex variable. For m2e ≪ m2µ the appropriate
ssingularities are those in the lefthandside of the fundamental strip and they are all on the negative real axis. The
preise relation goes as follows: with p ∈ R and k ∈ N, the funtion M(s) in the l.h.s. of the fundamental strip has a
singular expansion of the type (ordered in inreasing values of p):
M(s) ≍
∑
p
∑
k
ap,k
(s+ p)k+1
. (3.6)
The orresponding asymptoti behaviour of aµ (ordered in inreasing powers of p) is then:
aµ ∼
4m2e
m2µ
→ 0
α
π
∑
p
∑
k
(−1)k
k!
ap,k
(
4m2e
m2µ
)p
logk
4m2e
m2µ
, (3.7)
and the problem is then redued to the alulation of the ap,k residues. This, in turn, requires the evaluation of the
moment integrals ∫ ∞
0
dt
t
(
4m2e
t
)s
ρj
(
4m2e
t
)
and
∫ 1
0
dx x2s(1− x)1−s
[
Π(µ)
( −x2
1− xm
2
µ
)]p
, (3.8)
6whih appear in Eq. (3.5)
Let us onsider a little bit further these two types of moments. First, the moments of the spetral funtions
ρj
(
4m2e
t
)
dened in Eqs. (2.7) to (2.10) i.e.,
(α
π
)j
Rj(s) ≡
∫ ∞
0
dt
t
(
4m2e
t
)s
ρj
(
4m2e
t
)
. (3.9)
One an immediately see that these moments an also be seen as the Mellin transform of the spetral funtions ρj
with respet to the variable ξ =
4m2e
t
, sine
(α
π
)j
Rj(s) =
∫ ∞
0
dξ ξs−1 ρj(ξ) , ξ =
4m2e
t
, (3.10)
where in fat the integral over ξ only runs from zero to one, beause of the threshold fator θ(t−4m2e) in the lowest order
spetral funtion in Eq. (2.17). The interest of this point of view lies in the fat that the MellinBarnes representation
relates the singular expansion of any of these Rj(s) moments to the asymptoti expansion of the spetral funtions
ρj(ξ). Indeed, from Eq. (3.10) and the asymptoti behaviour of ρj(ξ) at small ξ and at large ξ, there follows that
ρj(ξ) =
(α
π
)j 1
2πi
rs+i∞∫
rs−i∞
ds
(
1
ξ
)s
Rj(s) , with rs = Re(s) ∈ ]0,∞[ . (3.11)
In other words, the diret mapping (in the sense of ref. [11℄) establishes a preise relation between the asymptoti
expansion of the spetral funtions ρj(ξ) at small ξ (whih is known from their expliit analyti expression) and the
singular series of the moments Rj(s), for s ≤ 0, that we are interested in. We shall ome bak later on to these
relations in somewhat more detail.
The seond type of moments in Eq. (3.8) are also well dened Mellin transforms; in this ase with respet to the
invariant photon momenta
ω ≡ Q
2
m2µ
=
x2
1− x , (3.12)
owing in the basi muon vertex diagram. Indeed, one an easily verify that
(α
π
)p
Ωp(s) ≡
∫ 1
0
dx x2s(1− x)1−s
[
Π(µ)
( −x2
1− xm
2
µ
)]p
=
∫ ∞
0
dω ωs−1
√
ω
4 + ω
(√
4 + ω −√ω√
4 + ω +
√
ω
)2 [
Π(µ)(−ω m2µ)
]p
. (3.13)
Again, the evaluation of the singular series assoiated to the moments Ωp(s), for s ≤ 0, is very muh failitated by
the diret mapping whih relates them to the asymptoti expansion of
[
Π(µ)(−ω m2µ)
]p
for small ω.
The remarkable property of the MellinBarnes representation is preisely the fatorization in terms of moment
integrals as shown in Eq. (3.5). It is in fat this fatorization whih is at the basis of the renormalization group
properties disussed by many authors. The algebrai fatorization above, however, is more general and it also shows
the full underlying renormalization group struture at work. The lassial renormalization group onstrains whih have
been exploited in the literature only apply to the evaluation of leading asymptoti behaviours (powers of logarithms
and onstant terms). In the example above, this is enoded by the properties of the Mellin singularity at s = 0. This
singularity governs the spetral funtion moments Rj(0) on the one hand, as well as the ontribution to the muon
anomaly from vauum polarization muon loop insertions (p loops): the moments Ωp(0). Notie that the moments
Rj(0) are UVsingular, hene the need of the s regularization. The singularity is related to harge renormalization
and therefore to the QED βfuntion at a given order in perturbation theory [12℄, in our ase the lowest order. The
preditive power of the renormalization group struture lies in the fat that one we know the two types of moments
in Eq. (3.8) at a given order in perturbation theory we have a predition at a higher order for the onvolution whih
in our ase gives aµ in Eq. (3.4). What is new here is that this fatorization extends as well to the subleading terms
in the expansion modulated by inverse m2µ/m
2
epowers. What governs these terms is nothing but the residues of the
suessive Mellin singularities in the negative real axis. Here, the expansion in inverse m2µ/m
2
epowers is analogous
7to the 1/Q2expansion in the Operator Produt Expansion of Green's funtions in QCD, while the moments Rj(s),
for s < 0, are the equivalent of the so alled vauum ondensates. The big dierene, of ourse, is that in QED these
ondensates are moments of spetral funtions whih are known at all values of t and, therefore, an be alulated
expliitly at a given order in perturbation theory. Notie, however, that also in QED these moments (ondensates)
are a priori ill dened beause they are singular. The MellinBarnes tehnique provides a systemati regularization
and hene a preise separation of shortdistane and longdistane eets.
The ase of two Mellin (s , t)omplex variables, orresponding to Feynman diagrams with both eletron loops and
tau loops, is oneptually more ompliated and it requires a spei treatment whih we shall provide in Setion VII.
A detailed disussion of the very interesting underlying mathematis whih governs this ase will be given in a
forthoming publiation [21℄.
We nally give below the exat expliit expressions, in the MellinBarnes integral representation, of the ontribution
to the muon anomaly from eah of the spei set of Feynman diagrams in Fig. 1 and Fig. 2.
A. Eighth Order Contributions
Fig. 1 Eighthorder Feynman diagrams with lowest order vauum polarization eletronloops and a τloop whih ontribute to
the Muon Anomaly and are enhaned by powers of log
mµ
me
fators. The dots indiate the other diagrams with dierent
permutations of the leptonloops.
• Three Eletron Loops, Fig. 1(A) [one diagram℄:
a(eee)µ =
(α
π
)4 1
2πi
cs+i∞∫
cs−i∞
ds
(
4m2e
m2µ
)−s
Γ(s)Γ(1 − s) Ω0(s) R3(s) . (3.14)
8• Two Eletron Loops and One Muon Loop, Fig. 1(B) [three diagrams℄:
a(eeµ)µ =
(α
π
)4 3
2πi
cs+i∞∫
cs−i∞
ds
(
4m2e
m2µ
)−s
Γ(s)Γ(1 − s) Ω1(s) R2(s) . (3.15)
• One Eletron Loop and Two Muon Loops, Fig. 1(C) [three diagrams℄:
a(eµµ)µ =
(α
π
)4 3
2πi
cs+i∞∫
cs−i∞
ds
(
4m2e
m2µ
)−s
Γ(s)Γ(1− s) Ω2(s) R1(s) . (3.16)
• Two Eletron Loops and One Tau Loop, Fig. 1(D) [three diagrams℄:
Using the representation in Eq. (2.20)for the tau selfenergy funtion as well as the MellinBarnes representation
in Eq. (3.2) one easily gets the expression
a(eeτ)µ =
(α
π
)4 3
2πi
cs+i∞∫
cs−i∞
ds
(
4m2e
m2µ
)−s
1
2πi
ct+i∞∫
ct−i∞
dt
(
m2µ
m2τ
)−t
×
Γ(s)Γ(1− s) Γ(t)
t
Γ(1− t) Θ(s, t) R2(s) , (3.17)
where Θ(s, t) is the Feynman parametri integral (see Eqs. (3.1) and (3.2))
Θ(s, t) =
∫ 1
0
dxx2s(1 − x)1−s
∫ 1
0
dz
(
x2
1− xz(1− z)
)−t
= (−2) Γ(2− t)Γ(2 − t)
Γ(4− 2t)
Γ(1 + 2s− 2t)Γ(2− s+ t)
Γ(3 + s− t) . (3.18)
Notie that the dependene on the variables s and t in the funtion Θ(s, t) is not fatorized. It is this fat that
requires new tehnial onsiderations whih we shall disuss in Setion VII.
B. Tenth Order Contributions
• Four Eletron Loops, Fig. 2(A) [one diagram℄:
a(eeee)µ =
(α
π
)5 (−1)
2πi
cs+i∞∫
cs−i∞
ds
(
4m2e
m2µ
)−s
Γ(s)Γ(1− s)Ω0(s) R4(s) . (3.19)
• Three Eletron Loops and One Muon Loop, Fig. 2(B) [four diagrams℄:
a(eeeµ)µ =
(α
π
)5
(−4) (−4)
2πi
cs+i∞∫
cs−i∞
ds
(
4m2e
m2µ
)−s
Γ(s)Γ(1− s) Ω1(s) R3(s) . (3.20)
9Fig. 2 Tenthorder Feynman diagrams with lowest order vauum polarization eletronloops and a τloop whih ontribute to
the Muon Anomaly and are enhaned by powers of log
mµ
me
fators. The dots indiate the other diagrams with dierent
permutations of the leptonloops.
• Two Eletron Loops and Two Muon Loops, Fig. 2(C) [six diagrams℄:
a(eeµµ)µ =
(α
π
)5 (−6)
2πi
cs+i∞∫
cs−i∞
ds
(
4m2e
m2µ
)−s
Γ(s)Γ(1− s) Ω2(s) R2(s) . (3.21)
• One Eletron Loop and Three Muon Loops, Fig 2.(D) [four diagrams℄:
a(eµµµ)µ =
(α
π
)5 (−4)
2πi
cs+i∞∫
cs−i∞
ds
(
4m2e
m2µ
)−s
Γ(s)Γ(1 − s) Ω3(s) R1(s) . (3.22)
• Three Eletron Loops and One Tau Loop, Fig. 2(E) [four diagrams℄:
The only hange here, with respet to the representation in Eq. (3.17), is the onvolution with the moment
R3(s) (instead of R2(s)) and the ombinatorial fator (−4) [instead of (3)℄:
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a(eeeτ)µ =
(α
π
)5 (−4)
2πi
cs+i∞∫
cs−i∞
ds
(
4m2e
m2µ
)−s
1
2πi
ct+i∞∫
ct−i∞
dt
(
m2µ
m2τ
)−t
×
Γ(s)Γ(1− s) Γ(t)
t
Γ(1 − t) Θ(s, t) R3(s) , (3.23)
where Θ(s, t) is the funtion dened in Eq. (3.18).
IV. THE MOMENT INTEGRALS
We are now left with two types of moment integrals: the Rj(s) moments of the eletronpositron spetral funtions
in Eq. (3.10), (the integrals over the variable ξ, or equivalently the variable δ in Eq. (2.16)); and the Ωp(s) moments
of the eulidean muon vauum polarization, (the integrals over the invariant photon momenta ω, or equivalently
the Feynman xparameter). It is a luxury that these integrals an all be done analytially. Here we shall give the
results and omment on a few tehnial points; in partiular on their relation to the underlying renormalization group
properties.
• The Ω0(s) Moment.
This moment, whih appears in a
(eee)
µ and a
(eeee)
µ , orresponds to the trivial xintegral
Ω0(s) =
∫ 1
0
dx(1 − x)
(
x2
1− x
)s
=
Γ(1 + 2s)Γ(2− s)
Γ(3 + s)
. (4.1)
The partiular value Ω0(0) =
1
2 is preisely the oeient of the lowest order muon anomaly, the Shwinger
term: aµ =
(
α
pi
) [
Ω0(0) =
1
2
]
. Notie that Ω0(s) is IRsingular at s = −1/2,−3/2, · · · . It is preisely these
IRsingularities that are at the origin of the ontributions in odd powers of me/mµ in a
(e)
µ , a
(ee)
µ , a
(eee)
µ and
a
(eeee)
µ that one enounters in the expliit alulations.
• The R1(s) Moment.
This moment appears in the expressions for a
(eµµ)
µ and a
(eµµµ)
µ in Eqs. (3.16) and (3.22) and it orresponds to
the integral
R1(s) =
∫ 1
0
dδ 2δ(1− δ2)s−1 1
2
δ
(
1− 1
3
δ2
)
, (4.2)
whih an be trivially omputed, with the simple result:
R1(s) =
√
π
4
1
s
Γ(2 + s)
Γ
(
5
2 + s
) , (4.3)
expliitly showing the singularities in the negative real axis (the origin s = 0 inluded). Notie that, beause of
the zeros provided by the fator
1
Γ( 52+s)
, there annot be terms of O
[(
m2e
m2µ
)p]
for p = 5/2 + n, n = 0, 1, 2, · · ·
in vauum polarization ontributions to aµ from one eletron loop.
The two moments Ω0(s) and R1(s) are the only quantities required to evaluate the ontribution to a
(e)
µ from the
fourth order Feynman diagram in Fig. 3, whih, in our representation, is given by the integral
a(e)µ =
(α
π
)2 1
2πi
cs+i∞∫
cs−i∞
ds
(
4m2e
m2µ
)−s
Γ(s)Γ(1− s) Ω0(s) R1(s) . (4.4)
Sine the moments Ω0(s) and R1(s) are known analytially, the singular series expansion of the integrand an be
omputed up to as many terms as one wishes; e.g.,
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Fig. 3 Fourthorder Feynman diagram with a lowest order vauum polarization eletronloop.
Γ(s)Γ(1 − s) Ω0(s) R1(s) ≍ 1
6
1
s2
+
(
1
3
log 2− 25
36
)
1
s
+
π2
8
1
1/2 + s
−1
2
1
(1 + s)2
+
(
3
4
− log 2
)
1
1 + s
+ · · · , (4.5)
and the onverse mapping theorem tells us how to read in a straightforward way the orresponding asymptoti
expansion ontribution [35℄:
a(e)µ ∼
m2e
m2µ
→ 0
(α
π
)2{1
6
log
m2µ
m2e
− 25
36
+
π2
4
(
m2e
m2µ
)1/2
+
m2e
m2µ
[
−2 log m
2
µ
m2e
+ 3
]
+O
[(
m2e
m2µ
)3/2]}
. (4.6)
The reason why we onsider this well known ontribution here is that it allows us to disuss the fatorization properties
of the MellinBarnes representation and its relation to the underlying renormalization group struture in a ase whih,
in spite of its simpliity, illustrates the generi features rather well. Notie that the singular expansion in Eq. (4.5)
results from the ombination of the Laurent series of three fators: the geometri series fator Γ(s)Γ(1 − s), whih
appears in the original MellinBarnes representation in Eq. (3.1), and the two moments Ω0(s) and R1(s). The residue
of the leading singularity in 1/s2, whih provides the oeient of the log
m2µ
m2e
term in Eq. (4.6), an be read o diretly
from the asymptoti behaviour of the lowest order spetral funtion ρ
(
4m2e
t
)
∼
t→∞
1
3 , (whih in turn is orrelated to
the residue of the leading term in the singular expansion of R1(s) ≍ 13 1s ) and the lowest order result Ω0 = 1/2 ;
the geometri fator Γ(s)Γ(1 − s) providing the extra 1/s fator. This is preisely the leading predition of the
renormalization group in this ase [12℄.
The nexttonexttoleading term in the asymptoti expansion in Eq. (4.6) (the seond line) is governed by the
1
s+1/2 term in the singular expansion in Eq. (4.5) (the seond line in this equation). The origin of this singularity
is the moment Ω0(s), whih is singular at s = −1/2; the other fators are regular: Γ(−1/2)Γ(1 + 1/2) = −π and
R1(1/2) = −pi4 . Again, the residue of the 1s+1/2singularity of Ω0(s) an be read o from the leading term in the
asymptoti expansion of the integrand funtion in Eq. (3.13) i.e.,√
ω
4 + ω
(√
4 + ω −√ω√
4 + ω +
√
ω
)2
∼
ω→ 0
1
2
√
ω +O(ω) . (4.7)
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We see, therefore, how the fatorization of the MellinBarnes representation allows one to x a nontrivial oeient
of the asymptoti expansion of an O
[(
α
pi
)2]
quantity from the knowledge of two numbers whih appear at a lower
O (αpi ) and have been very easily identied.
What about the nexttoleading term? This refers to the fator − 2536 in the rst line of Eq. (4.6), whih is not xed
by simple renormalization group arguments. The reason why simple renormalization group arguments fail to x this
term is due to the fat that it does not originate from produts of leading terms of singular expansions only. More
preisely, the oeient of the
1
s term in Eq. (4.5) also depends on the nexttoleading terms of the Laurent series
of eah of the individual fators Ω0(s) , and R1(s). These terms, however, an also be easily obtained without having
to alulate expliitly the funtions Ω0(s) and R1(s). Indeed, sine Ω0(s) is regular at s → 0 we an simply Taylor
expand the integrand and nd
Ω0(s) ∼
s→ 0
1
2
− 5
4
s+O(s2) . (4.8)
By ontrast, the moment R1(s) is singular at s → 0; but here we know that the residue of the singularity originates
in the leading term of the asymptoti expansion of the lowest order spetral funtion in the integrand. Therefore,
subtrating this leading term from the spetral funtion itself produes a regular integral from whih one an extrat
the regular series in the Laurent expansion at s→ 0 by simple Taylor expansion. The only integral we have to do is
then (α
π
)
R1(s) ∼
s→ 0
1
3s
+
∫ ∞
0
dξ ξ−1
(
ρ1(ξ) − 1
3
)
+O(s) = 1
3s
+
1
9
(6 log 2− 5) +O(s) . (4.9)
Combining the results in Eqs. (4.8) and (4.9) with the fat that Γ(s)Γ(1 − s) ∼
s→ 0
1
s + O(s) , one easily gets the
oeient of the
1
sterm in Eq. (4.5) and hene the term − 2536 in the asymptoti expansion in Eq. (4.6).
We leave to the studious reader the pleasure of reproduing the residues of the
1
(s+1)2 and
1
(s+1) singularities in
Eq. (4.5), and hene the terms of O
(
m2e
m2µ
)
in Eq. (4.6), using similar simple arguments.
• The R2(s) Moment.
This moment appears in the expressions of a
(eeµ)
µ , a
(eeτ)
µ and a
(eeµµ)
µ in Eqs. (3.17), (3.15) and (3.21) and it is
given by the integral (α
π
)2
R2(s) =
∫ ∞
0
dξ ξs−1 ρ2(ξ) , (4.10)
assoiated to the spetral funtion in the r.h.s. of Eq. (2.8). In terms of the variable δ, it gives rise to the
integral
R2(s) = 2
∫ 1
0
dδ 2δ(1− δ2)s−1 1
2
δ
(
1− 1
3
δ2
)[
8
9
− 1
3
δ2 + δ
(
1
2
− 1
6
δ2
)
log
1− δ
1 + δ
]
, (4.11)
whih an be done analytially rather easily with the result
R2(s) =
√
π
9
(−1 + s)(6 + 13s+ 4s2)
s2(2 + s)(3 + s)
Γ(1 + s)
Γ
(
3
2 + s
) , (4.12)
expliitly showing the singularities in the negative real axis. Notie that, beause of the zeros provided by the
fator
1
Γ( 32+s)
, there annot be terms of O
[(
m2e
m2µ
)p]
for p = 3/2 + n, n = 0, 1, 2, · · · in vauum polarization
ontributions to aµ from two eletron loops.
• The Ω1(s) Moment.
It orresponds to the Mellin transform (see Eq. (3.13))
(α
π
)
Ω1(s) =
∫ ∞
0
dω ωs−1
√
ω
4 + ω
(√
4 + ω −√ω√
4 + ω +
√
ω
)2 [
Π(µ)(−ω m2µ)
]
=∫ 1
0
dx (1− x)
(
x2
1− x
)s [
Π(µ)
( −x2
1− xm
2
µ
)]
. (4.13)
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This integral an also be easily done, using the expression in Eq. (2.18) in terms of a subtrated logarithm:
log(1− x)→
[
log(1 − x)−
(
−x− x
2
2
− x
3
3
)]
+
(
−x− x
2
2
− x
3
3
)
. (4.14)
The integral over x is then onvergent at x = 0 term by term, with the result
Ω1(s) = Γ(2− s)
{
−4
3
Γ(−1 + 2s)
Γ(1 + s)
+
4
3
Γ(2s)
Γ(2 + s)
+
5
9
Γ(1 + 2s)
Γ(3 + s)
+
[
−4
3
Γ(−2 + 2s)
Γ(s)
+ 2
Γ(−1 + 2s)
Γ(1 + s)
− 1
3
Γ(1 + 2s)
Γ(3 + s)
]
H1−s +
4
3
Γ(−2 + 2s)
Γ(s)
H−1+s − 2Γ(−1 + 2s)
Γ(1 + s)
Hs +
1
3
Γ(1 + 2s)
Γ(3 + s)
H2+s
}
, (4.15)
where Hs denotes the funtion
Hs = ψ(1 + s) + γE , (4.16)
related to the ψfuntion[36℄ ψ(z) = ddz log Γ(z), as follows
ψ(z) = −γE +
∞∑
m=0
(
1
m+ 1
− 1
z +m
)
, (4.17)
and, therefore, when z is an integer n, Hn orresponds to the Harmoni sum
Hn = 1 +
1
2
+
1
3
+
1
4
+ · · ·+ 1
n
. (4.18)
Notie that Ω1(0) = − 11936 + pi
2
2 is preisely the well known oeient of the fourth order ontribution to a
(µ)
µ
from the Feynman graph in Fig. 4:
a(µ)µ =
(α
π
)2(
−119
36
+
π2
2
)
. (4.19)
Fig. 4 Fourthorder Feynman diagram with a lowest order vauum polarization muonloop.
Another property of Ω1(s), whih is also valid for all Ωp(s) with p ≥ 1, is the fat that they are no longer
singular at s = −1/2. This an be readily seen from the fat that Π(µ)
(
−x2
1−xm
2
µ
)
in Eq. (4.13) vanishes at x = 0:
Π(µ)
( −x2
1− xm
2
µ
)
∼
x→ 0
(α
π
) [
− 1
15
x2 +O(x3)
]
. (4.20)
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This is why Feynman graphs with eletron loops and at least one muon loop insertion in the vauum polarization
have no O
[(
m2e
m2µ
)1/2]
terms in their asymptoti ontributions. However, from the asymptoti behaviour
√
ω
4 + ω
(√
4 + ω −√ω√
4 + ω +
√
ω
)2 [
Π(µ)(−ω m2µ)
]
∼
ω→ 0
(α
π
) [
− 1
30
ω3/2 +O(ω2)
]
, (4.21)
in Eq. (4.13), there follows that
Ω1(s) ≍ − 1
30
1
3
2 + s
+ · · · , (4.22)
whih indues a term of O
[(
m2e
m2µ
)3/2]
in the asymptoti expansion of a
(eµ)
µ . A priori it ould also indue terms
of O
[(
m2e
m2µ
)3/2]
in a
(eeµ)
µ . That this is not the ase is due to the fat that as we have seen R2(s) has zeros at
all s = −1/2 + n for n = −1,−2,−3, · · · . However, as we shall later see, R3(s) is nite at s = −3/2 and this
explains why a term of O
[(
m2e
m2µ
)3/2]
does indeed appear in a
(eeeµ)
µ .
The moments Ω0(s) and R2(s) x entirely the evaluation of the ontribution to aµ from the sixth order Feynman
diagram in Fig. 5, whih, in our representation, is given by the integral
a(ee)µ =
(α
π
)3
(−1) 1
2πi
cs+i∞∫
cs−i∞
ds
(
4m2e
m2µ
)−s
Γ(s)Γ(1 − s) Ω0(s) R2(s) . (4.23)
Fig. 5 Sixthorder Feynman diagram with two lowest order eletronloop vauum polarization insertions.
Sine we know Ω0(s) and R2(s) analytially we an evaluate the full singular series of their produt and, therefore,
by the onverse mapping theorem, the asymptoti expansion of a
(ee)
µ to as high a degree of auray as we wish. As
an illustration, we give the results for the rst few terms:
a(ee)µ ∼
m2µ
m2e
→ ∞
(α
π
)3{ 1
18
log2
m2µ
m2e
− 25
54
log
m2µ
m2e
+
317
324
+
π2
27
−
(
m2e
m2µ
)1/2
4
45
π2
+
m2e
m2µ
[
−2
3
log2
m2µ
m2e
+
52
18
log
m2µ
m2e
− 4− 4
9
π2
]
+O
[(
m2e
m2µ
)2
log3
m2µ
m2e
]}
, (4.24)
where the ontribution from the leading singularity at s = 0 is the one in the rst line, whih agrees with the earlier
alulations in refs. [16, 22℄. The exat analyti evaluation of a
(ee)
µ , as well as of the full sixthorder ontribution to
15
aµ from eletron loop insertions, inluding lightbylight sattering loops, an be found in the papers by Laporta and
Remiddi [23, 24℄.
On the other hand, the moments Ω1(s) and R1(s) x entirely the evaluation of the ontribution to aµ from the
mixed sixth order Feynman diagram in Fig. 6, whih, in our representation, is given by the integral
a(eµ)µ =
(α
π
)3
(−2) 1
2πi
cs+i∞∫
cs−i∞
ds
(
4m2e
m2µ
)−s
Γ(s)Γ(1 − s) Ω1(s) R1(s) . (4.25)
Fig. 6 Sixthorder Feynman diagram with one eletronloop and one muon loop vauum polarization insertions.
Again, sine we know Ω1(s) and R1(s) we an ompute as many terms as we wish of the asymptoti expansion of
a
(eµ)
µ . We give a few terms below:
a(eµ)µ ∼
m2µ
m2e
→ ∞
(α
π
)3{(119
54
− 2
9
π2
)
log
m2µ
m2e
− 61
162
+
π2
27
−m
2
e
m2µ
(
115
27
+
4
9
π2
)
+O
[(
m2e
m2µ
)2
log2
m2µ
m2e
]}
, (4.26)
in agreement with earlier alulations [24, 25℄.
Finally, we observe that one the moments Ω1(s) and R2(s) are known, we have all the ingredients to evaluate the
eighthorder ontribution a
(eeµ)
µ in Eq. (3.15) whih we shall disuss in the next setion. With R2(s) known we an
also attempt the evaluation of a
(eeτ)
µ in Eq. (3.17), whih we shall do in Setion VII.
• The R3(s) Moment.
This moment appears in the expressions of a
(eee)
µ , a
(eeeµ)
µ and a
(eeeτ)
µ in Eqs. (3.14) (3.20) and (3.23) and it is
given by the Mellin transform (α
π
)3
R3(s) =
∫ ∞
0
dξ ξs−1 ρ3(ξ) , (4.27)
of the spetral funtion in the r.h.s. of Eq. (2.9). It gives rise to the δintegral
R3(s) =
∫ 1
0
dδ 2δ(1− δ2)s−1
{
3δ
(
1
2
− 1
6
δ2
)[
8
9
− 1
3
δ2 + δ
(
1
2
− 1
6
δ2
)
log
1− δ
1 + δ
]2
−π2
[
δ
(
1
2
− 1
6
δ2
)]3}
. (4.28)
Only the terms proportional to log2 1−δ1+δ require speial attention. They give rise to integrals of the type
f(σ) =
∫ 1
0
dδ(1 − δ2)σ log2 1− δ
1 + δ
with σ = s+ n− 1 and n = 0, 1, 2, 3, 4, 5 . (4.29)
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Integrating by parts, we observe that f(σ) obeys a simple funtional relation
(1 + 2σ)f(σ)− 2σf(σ − 1) + 2
√
π
σ
Γ(σ)
Γ
(
1
2 + σ
) = 0 , (4.30)
from whih, and the boundary ondition f(0) = pi
2
3 , there follows that
f(σ) =
√
π
Γ(1 + σ)
Γ
(
3
2 + σ
)ψ(1)(1 + σ) , where ψ(1)(z) = d
dz
ψ(z) . (4.31)
One an then do the integral in Eq. (4.28). After some rearrangement so as to exhibit expliitly the singular
struture, we get the following expression
R3(s) =
√
π
864
Γ(s)
Γ
(
11
3 + s
) [ P7(s)
s(1 + s)(2 + s)
− (1 + s)(35 + 21s+ 3s2)
(
27π2 − 162 ψ(1)(s)
)]
, (4.32)
with P7(s) the seventh degree polynomial
P7(s) = 3492− 8748s− 26575s2 − 9214s3 + 18395s4 + 17018s5 + 5120s6 + 512s7 . (4.33)
The funtion ψ(1)(z) is alled the Polygamma funtion of index one. In general, the Polygamma funtion of index
n is dened as:
ψ(n)(z) =
dn
dzn
ψ(z) , with ψ(0)(z) = ψ(z) for n = 1, 2, 3, . . . . (4.34)
These funtions are also related to the Hurwitz funtion (also alled the generalized zeta funtion)
ζ(s, z) =
∞∑
m=0
(m+ z)−s z 6= 0,−1,−2, . . . , Res > 1 , (4.35)
as follows
ψ(n)(z) = (−1)n+1 n! ζ(n+ 1, z) . (4.36)
The Polygamma funtions are therefore meromorphi with poles at z = 0,−1,−2, . . . , with multipliities n + 1. In
fat, the Hurwitz funtion and therefore the Polygamma funtions, have the following Mellin representation:
ζ(s, z) =
1
Γ(s)
∫ ∞
0
dt ts−1 e−zt
1
1− e−t Res > 1 , Rez > 0 . (4.37)
The moments Ω0(s) and R3(s) x entirely the evaluation of the ontribution to aµ from the eighth order Feynman
diagram in Fig. 1(A), while the moments Ω1(s) and R3(s) x entirely the evaluation of the ontribution to aµ from
the tenth order Feynman diagram in Fig. 2(B). We disuss these results in the next setion. With R3(s) known one
an also attempt the evaluation of a
(eeeτ)
µ in Eq. (3.23), whih we shall do in Setion VII.
• The Ω2(s) Moment.
It orresponds to the Mellin transform (see Eq. (3.13))
(α
π
)2
Ω2(s) =
∫ ∞
0
dω ωs−1
√
ω
4 + ω
(√
4 + ω −√ω√
4 + ω +
√
ω
)2 [
Π(µ)(−ω m2µ)
]2
=
∫ 1
0
dx (1− x)
(
x2
1− x
)s [
Π(µ)
( −x2
1− xm
2
µ
)]2
. (4.38)
This integral an also be done, using the expression in Eq. (2.18) and replaing the logarithms with subtrated
logarithms, as in Eq. (4.14). One is then left with three types of integrals S(j)p (s, n) dened below, where the
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upper index j refers to the power of the logarithm in the integrand , the lower index p to the degree of the
subtrated polynomial and k ∈ N :
S(0)(s, n) ≡
∫ 1
0
dx x2s+n(1− x)1−s = Γ(2− s)Γ(1 + n+ 2s)
Γ(3 + n+ s)
, (4.39)
S(1)5 (s, n) ≡
∫ 1
0
dx x2s+n(1− x)1−s
[
log(1 − x)−
(
−x− x
2
2
− x
3
3
− x
4
4
− x
5
5
)]
=
1
60
Γ(2 − s)
{
60
Γ(2 + n+ 2s)
Γ(4 + n+ s)
+ 30
Γ(3 + n+ 2s)
Γ(5 + n+ s)
+20
Γ(4 + n+ 2s)
Γ(6 + n+ s)
+ 15
Γ(5 + n+ 2s)
Γ(7 + n+ s)
+ 12
Γ(6 + n+ 2s)
Γ(8 + n+ s)
+60
Γ(1 + n+ 2s)
Γ(3 + n+ s)
(H1−s −H2+n+s)
}
, (4.40)
and
S(2)6 (s, n) ≡
∫ 1
0
dx x2s+n(1 − x)1−s
[
log2(1− x)−
(
x2 + x3 +
11x4
12
+
5x5
6
+
137x6
180
)]
= − 1
180
Γ(2− s)
{
−180Γ(3 + n+ 2s)
Γ(5 + n+ s)
− 180Γ(4 + n+ 2s)
Γ(6 + n+ s)
−165Γ(5 + n+ 2s)
Γ(7 + n+ s)
− 150Γ(6 + n+ 2s)
Γ(8 + n+ s)
− 137Γ(7 + n+ 2s)
Γ(9 + n+ s)
+
180
Γ(3 + n+ s)
[
Γ(1 + n+ 2s)
(
ψ2(2− s)− 2ψ(2− s)ψ(3 + n+ s)+
+ψ2(3 + n+ s) + ψ(1)(2− s)− ψ(1)(3 + n+ s)
)]}
. (4.41)
The analyti result for Ω2(s) an then be expressed in terms of these three integrals as follows:
Ω2(s) = − 88
135
S(0)(s, 1) + 217
135
S(0)(s, 2)− 3
5
S(0)(s, 3)− 347
540
S(0)(s, 4)
+
1
6
S(0)(s, 5) + 137
1620
S(0)(s, 6)
−10
27
S(1)5 (s, 0)−
8
9
S(1)5 (s,−1) +
28
9
S(1)5 (s,−2) +
104
27
S(1)5 (s,−3)
−80
9
S(1)5 (s,−4) +
32
9
S(1)5 (s,−5)
+
1
9
S(2)6 (s, 0)−
4
3
S(2)6 (s,−2) +
8
9
S(2)6 (s,−3) + 4 S(2)6 (s,−4)
−16
3
S(2)6 (s,−5) +
16
9
S(2)6 (s,−6) . (4.42)
In partiular, the value of Ω2(s) at s = 0 xes the ontribution to the muon anomaly from the Feynman diagram
in Fig. 7, i.e.
a(µµ)µ =
(α
π
)3
Ω2(0) =
(α
π
)3 [
−943
324
− 4
135
π2 +
8
3
ζ(3)
]
. (4.43)
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Fig. 7 Sixthorder Feynman diagram with two lowest order muonloop vauum polarization insertions.
Knowing Ω2(s) and R1(s) we have all the ingredients to evaluate a
(eµµ)
µ in Fig. 1C and knowing Ω2(s) and R2(s)
we an also evaluate a
(eeµµ)
µ in Fig. 2C. We disuss these alulations in the next setion.
• The R4(s) Moment.
This moment appears in the expression of a
(eeee)
µ and it is given by the Mellin transform(α
π
)4
R4(s) =
∫ ∞
0
dξ ξs−1 ρ4(ξ) , (4.44)
of the spetral funtion in the r.h.s. of Eq. (2.10). It gives rise to the δintegral
R4(s) =
∫ 1
0
dδ 2δ(1− δ2)s−1
{
4δ
(
1
2
− 1
6
δ2
)[
8
9
− 1
3
δ2 + δ
(
1
2
− 1
6
δ2
)
log
1− δ
1 + δ
]3
−4π2
[
8
9
− 1
3
δ2 + δ
(
1
2
− 1
6
δ2
)
log
1− δ
1 + δ
] [
δ
(
1
2
− 1
6
δ2
)]3}
. (4.45)
Here only the integrals proportional to log3 1−δ1+δ are new with respet to the integrals whih already appeared
in the evaluation of R2(s). By integration by parts, they an be redued to integrals proportional to log
2 1−δ
1+δ
and hene to the funtion f(s) in Eq. (4.31). In terms of f(s) and the auxiliary funtion
g(σ) = 2
√
π
Γ(σ)
Γ
(
σ + 12
) = 2B(1
2
, σ
)
, (4.46)
we then nd:
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R4(s) =
(
− 250
2187
+
10
243
π2
)
g(s)−
(
325
2187
− π
2
243
)
g(s+ 1) +
(
80
2187
− 31
486
π2
)
g(s+ 2)
+
(
34
243
− 25
972
π2
)
g(s+ 3) +
(
2
27
+
23
972
π2
)
g(s+ 4)
+
(
1
81
+
17
972
π2
)
g(s+ 5) +
π2
324
g(s+ 6)
+
(
50
243
− 2
81
π2
)
g(s)
s
+
20
81
g(s+ 1)
s+ 1
−
(
13
162
− π
2
27
)
g(s+ 2)
s+ 2
−
(
115
486
− π
2
81
)
g(s+ 3)
s+ 3
−
(
19
162
+
π2
72
)
g(s+ 4)
s+ 4
−
(
1
54
+
π2
108
)
g(s+ 5)
s+ 5
− π
2
648
g(s+ 6)
s+ 6
+
1
81
[−40 f(−1 + s)− 4 f(s) + 62 f(1 + s) + 25 f(2 + s)
−23 f(3 + s)− 17 f(4 + s)− 3 f(5 + s)]
+
1
54
[
16
f(−1 + s)
s
− 24f(1 + s)
s+ 2
− 8f(2 + s)
s+ 3
+9
f(3 + s)
s+ 4
+ 6
f(4 + s)
s+ 5
+
f(5 + s)
s+ 6
]
. (4.47)
Knowing expliitly the funtion R4(s) will allow us to perform the evaluation of a
(eeee)
µ whih we do in the next
setion.
• The Ω3(s) Moment.
It orresponds to the Mellin transform (see Eq. (3.13))
(α
π
)2
Ω3(s) =
∫ ∞
0
dω ωs−1
√
ω
4 + ω
(√
4 + ω −√ω√
4 + ω +
√
ω
)2 [
Π(µ)(−ω m2µ)
]3
=
∫ 1
0
dx (1− x)
(
x2
1− x
)s [
Π(µ)
( −x2
1− xm
2
µ
)]3
. (4.48)
As in the evaluation of the integral in Eq. (4.38), the rst step onsists in replaing the logarithms and their
powers by subtrated logarithms and subtrated power logarithms. One is then left with integrals of the type
S(j)p (s, n) like those already introdued in the evaluation of Ω2(s). The new ones are:
S(1)7 (s, n) ≡
∫ 1
0
dx x2s+n(1− x)1−s
[
log(1− x) −
(
−x− x
2
2
− x
3
3
− x
4
4
− x
5
5
− x
6
6
− x
7
7
)]
= S(1)5 (s, n) +
1
42
Γ(2− s)
[
7
Γ(7 + n+ 2s)
Γ(9 + n+ s)
+ 6
Γ(8 + n+ 2s)
Γ(10 + n+ s)
]
, (4.49)
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S(2)8 (s, n) ≡
∫ 1
0
dx x2s+n(1− x)1−s [log2(1− x) −(
x2 + x3 +
11x4
12
+
5x5
6
+
137x6
180
+
7x7
10
+
363x8
560
)]
= S(2)6 (s, n)−
1
5040
Γ(2− s)
[
3528
Γ(8 + n+ 2s)
Γ(10+ n+ s)
+ 3267
Γ(9 + n+ 2s)
Γ(11 + n+ s)
]
, (4.50)
and
S(3)9 (s, n) ≡
∫ 1
0
dx x2s+n(1− x)1−s [log3(1− x) −
−
(
−x3 − 3x
4
2
− 7x
5
4
− 15x
6
8
− 29x
7
15
− 469x
8
240
− 29531x
9
240
)]
=
1
15120
Γ(2− s)
{
15120
Γ(4 + n+ 2s)
Γ(6 + n+ s)
+ 22680
Γ(5 + n+ 2s)
Γ(7 + n+ s)
+ 26460
Γ(6 + n+ 2s)
Γ(6 + n+ s)
+28350
Γ(7+ n+ 2s)
Γ(9 + n+ s)
+ 29232
Γ(8+ n+ 2s)
Γ(10+ n+ s)
+29547
Γ(9+ n+ 2s)
Γ(11+ n+ s)
+ 29531
Γ(10+ n+ 2s)
Γ(12 + n+ s)
+
15120
Γ(3 + n+ s)
[
Γ(1 + n+ 2s)
(
ψ3(2− s)− 3ψ(2− s)2ψ(3 + n+ s)− ψ3(3 + n+ s)
−3ψ(3 + n+ s)
[
ψ(1)(2− s)− ψ(1)(3 + n+ s)
]
+3ψ(2− s)
[
ψ2(3 + n+ s) + ψ(1)(2 − s)− ψ(1)(3 + n+ s)
]
+ψ(2)(2− s)− ψ(2)(3 + n+ s)
)]}
. (4.51)
The analyti result for Ω3(s) an then be expressed in terms of the S(j)p (s, n) integrals as follows:
Ω3(s) = −482
405
S(0)(s, 1) + 3007
567
S(0)(s, 2)− 125281
17010
S(0)(s, 3)− 16729
11340
S(0)(s, 4) + 8329
2268
S(0)(s, 5)
−11726
8505
S(0)(s, 6)− 1937
2520
S(0)(s, 7) + 1091
5670
S(0)(s, 8) + 29531
408240
S(0)(s, 9)
−25
81
S(1)7 (s, 0)−
40
27
S(1)7 (s,−1) +
14
9
S(1)7 (s,−2) +
908
81
S(1)7 (s,−3)
−160
27
S(1)7 (s,−4)−
608
27
S(1)7 (s,−5) +
224
9
S(1)7 (s,−6)−
64
9
S(1)7 (s,−7)
+
5
27
S(2)8 (s, 0) +
4
9
S(2)8 (s,−1)−
8
3
S(2)8 (s,−2)−
104
27
S(2)8 (s,−3) +
140
9
S(2)8 (s,−4)
+
32
9
S(2)8 (s,−5)−
928
27
S(2)8 (s,−6) +
256
9
S(2)8 (s,−7)−
64
9
S(2)8 (s,−8)
− 1
27
S(3)9 (s, 0) +
2
3
S(3)9 (s,−2)−
4
9
S(3)9 (s,−3)− 4 S(3)9 (s,−4) +
16
3
S(3)9 (s,−5)
+
56
9
S(3)(s,−6)− 16 S(3)(s,−7) + 32
3
S(3)9 (s,−8)−
64
27
S(3)9 (s,−9) . (4.52)
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In partiular, the value of Ω3(s) at s = 0 xes the ontribution to the muon anomaly from the Feynman diagram
in Fig. 8, i.e.
Fig. 8 Eighthorder Feynman diagram with three lowest order muonloop vauum polarization insertions.
a(µµµ)µ =
(α
π
)4
Ω3(0) =
(α
π
)4 [
−151849
40824
+
2
45
π4 − 32
63
ζ(3)
]
. (4.53)
Knowing Ω3(s) and R1(s) we have all the ingredients to evaluate a
(eµµµ)
µ in Fig. 2D. We disuss these alulations
in the next setion.
V. EIGHTH ORDER RESULTS FROM ELECTRON AND MUON VACUUM POLARIZATION LOOPS
We have now all the ingredients to proeed to the alulation of the eighth order ontributions illustrated by the
Feynman diagrams in Fig. 1.
• Three Eletron Loops, Fig. 1(A) [one diagram℄:
We reall the expression in Eq. (3.14)
a(eee)µ =
(α
π
)4 1
2πi
cs+i∞∫
cs−i∞
ds
(
4m2e
m2µ
)−s
Γ(s)Γ(1 − s) Ω0(s) R3(s) . (5.1)
The onverse mapping theorem relates the asymptoti behaviour of a
(eee)
µ as a funtion of the small mass ratio
4m2e/m
2
µ to the singularities of the integrand in this equation as a funtion of the Mellin somplex variable.
Using the expliit expressions for Ω0(s) and R3(s) given in Eqs. (4.1) and (4.28) we an proeed to the alulation
of the singular series expansion of the integrand in question. The relevant singularities are those in the lefthand
side of the Mellin splane. They our as multipoles at s = 0,−1,−2,−3, . . . , beause of the fators Γ(s) and
R3(s); and as single poles at s = −1/2,−3/2,−5/2, . . . beause of the fator Ω0(s). The leading singularity at
s→ 0 has a quadruple pole, a triple pole, a double pole and a single pole. Their residues govern the suessive
terms of O(log3 m
2
µ
m2e
), of O(log2 m
2
µ
m2e
), of O(log m
2
µ
m2e
) and of O(Cte.) in the leading ontributions to a(eee)µ for m
2
µ
m2e
large:
a(eee)µ ∼
[s → 0]
(α
π
)4 [ 1
54
log3
m2µ
m2e
− 25
108
log2
m2µ
m2e
+
(
317
324
+
π2
27
)
log
m2µ
m2e
−8609
5832
− 25
162
π2 − 2
9
ζ(3)
]
. (5.2)
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The next to leading singularity at s → −1/2 is a simple pole, indued by Ω0(−1/2), whih governs the ontri-
bution of O
(
me
mµ
)
:
a(eee)µ ∼
[s → − 12 ]
(α
π
)4 me
mµ
101
1536
π4 . (5.3)
The next singularity at s → −1 in the Mellin plane is again a multipole type singularity whih, by the inverse
mapping theorem, governs the terms
a(eee)µ ∼
[s → −1]
(α
π
)4 m2e
m2µ
[
−2
9
log3
m2µ
m2e
+
13
9
log2
m2µ
m2e
−
(
152
27
+
4
9
π2
)
log
m2µ
m2e
+
967
315
+
26
27
π2 +
136
35
ζ(3)
]
. (5.4)
There is no problem in evaluating as many terms as we wish. In the Appendix we give the result of the
asymptoti ontribution to a
(eee)
µ up to terms of O
[(
α
pi
)4 (m2e
m2µ
)5/2]
. Beause of the present experimental error
in the
mµ
me
ratio, there is no need to go beyond this approximation, but we have heked that inluding higher
order terms up to O
[(
α
pi
)4 (m2e
m2µ
)3]
does not hange our nal numerial result in Table 1 in the Appendix. The
terms up to O
[(
α
pi
)4 (m2e
m2µ
)3/2]
agree with those obtained by Laporta [8℄ using a very dierent method. The
agreement with the numerial determination by Kinoshita and Nio [5℄ is quite remarkable, although our result
is of ourse more preise.
• Two Eletron Loops and One Muon Loop, Fig. 1(B) [three diagrams℄:
The orresponding expression is the one in Eq. (3.15)
a(eeµ)µ =
(α
π
)4
3
1
2πi
cs+i∞∫
cs−i∞
ds
(
4m2e
m2µ
)−s
Γ(s)Γ(1 − s) Ω1(s) R2(s) , (5.5)
with Ω1(s) and R2(s) given in Eqs. (4.15) and (4.12). The relevant singularities in the Mellin splane our at
s = 0,−1,−2,−3, · · · as multipoles. The singularity at s = 0 governs the terms
a(eeµ)µ ∼
[s → 0]
(α
π
)4 [(119
108
− π
2
9
)
log2
m2µ
m2e
−
(
61
162
− π
2
27
)
log
m2µ
m2e
+
7627
1944
+
13
27
π2 − 4
45
π4
]
, (5.6)
in the asymptoti expansion. The nextto leading singularity is at s = −1 and it is responsible for the higher
order terms
a(eeµ)µ ∼
[s → −1]
(α
π
)4 (m2e
m2µ
)[(
−115
27
+
4
9
π2
)
log
m2µ
m2e
+
227
18
− 4
3
π2
]
. (5.7)
The analyti results in Eqs. (5.6) and (5.7) agree with those given by Laporta in ref. [8℄. As disussed previously,
there is no singularity at s = −1/2 beause of the presene of a muon loop selfenergy (see the disussion around
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Eq. (4.20) ). There ould be a priori a singularity at s = −3/2 beause it appears in the singular expansion of
Ω1(s); however, it is sreened by the fat that R2(s) has a zero at s = −3/2. In the Appendix we give the result
for a
(eeµ)
µ inluding terms of O
[(
α
pi
)4 (m2e
m2µ
)2]
. Taking into aount higher order terms brings in ontributions
whih numerially are of the order of the error indued by the present value of the
m2µ
m2e
ratio in the previous
terms. Numerially, our result is more preise than the one obtained by Kinoshita and Nio [5℄, though it agrees
very well within their quoted error.
• One Eletron Loop and Two Muon Loops, Fig. 1(C) [three diagrams℄:
The orresponding expression is the one in Eq. (3.16)
a(eµµ)µ =
(α
π
)4
3
1
2πi
cs+i∞∫
cs−i∞
ds
(
4m2e
m2µ
)−s
Γ(s)Γ(1− s) Ω2(s) R1(s) , (5.8)
with Ω2(s) and R1(s) given in Eqs. (4.42) and (4.3). The relevant singularities in the Mellin splane our at
s = 0,−1,−2,−3, · · · . The singularity at s = 0 is a double pole and governs the terms
a(eµµ)µ ∼
[s → 0]
(α
π
)4 [(
−943
324
− 4
135
π2 +
8
3
ζ(3)
)
log
m2µ
m2e
+
57899
9720
− 5383
4050
π2 +
2
27
π4 − 2
45
ζ(3)
]
. (5.9)
The nexttoleading singularity at s = −1 is a single pole whih governs the nexttoleading term
a(eµµ)µ ∼
[s → −1]
(α
π
)4 (m2e
m2µ
)[
458
81
− 26
105
π2 − 8
3
ζ(3)
]
; (5.10)
and so on. The results in Eqs. (5.9) and (5.10) agree with those of Laporta [8℄. In the appendix we have also
inluded terms up to O
[(
α
pi
)4 (m2e
m2µ
)2]
. These are the terms one needs to x a
(eµµ)
µ to the auray required by
the present knowledge of the
m2e
m2µ
mass ratio. It is not surprising that this analyti evaluation allows for a more
aurate determination of this term than the numerial estimate by Kinoshita and Nio [5℄, though it agrees with
it within their given error.
VI. TENTH ORDER RESULTS FROM ELECTRON AND MUON VACUUM POLARIZATION LOOPS
We also have all the ingredients to proeed to the alulation of the tenth order ontributions illustrated by the
Feynman diagrams in Fig. 2.
• Four Eletron Loops, Fig. 2(A) [one diagram℄:
We reall the expression in Eq. (3.19)
a(eeee)µ =
(α
π
)5
(−1) 1
2πi
cs+i∞∫
cs−i∞
ds
(
4m2e
m2µ
)−s
Γ(s)Γ(1 − s) Ω0(s) R4(s) , (6.1)
with Ω0(s) and R4(s) given in Eqs. (4.1) and (4.47). The onverse mapping theorem relates the asymptoti
behaviour of a
(eee)
µ as a funtion of the small mass ratio 4m2e/m
2
µ, to the singular series expansion of the
integrand in this equation. The relevant singularities are those in the lefthand side of the Mellin splane.
They our as multipoles at s = 0,−1,−2,−3, . . . , beause of the fators Γ(s) and R4(s); and as single poles
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at s = −1/2,−3/2,−5/2, . . . beause of the fator Ω0(s). The multipoles at s → 0 govern the asymptoti
ontributions:
a(eeee)µ ∼
[s → 0]
(α
π
)5{ 1
162
log4
m2µ
m2e
− 25
243
log3
m2µ
m2e
+
(
317
486
+
2
81
π2
)
log2
m2µ
m2e
−
(
8609
4374
+
50
243
π2 +
8
27
ζ(3)
)
log
m2µ
m2e
+
64613
26244
+
317
729
π2 +
2
135
π4 +
100
81
ζ(3)
}
. (6.2)
There is only a simple pole at s = −1/2. It governs the nexttoleading asymptoti ontribution
a(eeee)µ ∼
[s → −1/2]
(α
π
)5(m2e
m2µ
)1/2 [
− 18203
374220
π4
]
. (6.3)
The ontributions in Eqs. (6.2) and (6.3) agree with those given by Laporta in ref. [9℄. We have alulated
further ontributions, up to the required auray governed by the present knowledge of the
m2e
m2µ
ratio. They are
given in the Appendix. Numerially, although our result is muh more preise than the one given by Kinoshita
and Nio [5℄, it agrees very well with it within their quoted errors.
• Three Eletron Loops and One Muon Loop, Fig. 2(B) [four diagrams℄:
We reall the expression in Eq. (3.20)
a(eeeµ)µ =
(α
π
)5
(−4) 1
2πi
cs+i∞∫
cs−i∞
ds
(
4m2e
m2µ
)−s
Γ(s)Γ(1− s) Ω1(s) R3(s) , (6.4)
with Ω1(s) and R3(s) given in Eqs. (4.15) and (4.28). The relevant singularities here our as multipoles at
s = 0,−1,−2,−3, . . . , beause of the fators Γ(s) and R3(s); and as single poles at s = −3/2,−5/2, . . . beause
of the fator Ω1(s). The multipoles at s→ 0 govern the asymptoti ontributions:
a(eeeµ)µ ∼
[s → 0]
(α
π
)5{(119
243
− 4
81
π2
)
log3
m2µ
m2e
−
(
61
243
− 2
81
π2
)
log2
m2µ
m2e
+
(
7627
1458
+
52
81
π2 − 16
135
π4
)
log
m2µ
m2e
+
64244
6561
− 2593
2187
π2 +
8
405
π4 − 476
81
ζ(3) +
16
27
π2ζ(3)
}
. (6.5)
This expression agrees with the one given by Laporta [9℄. We have also alulated the orresponding terms
up to O
[(
m2e
m2µ
)5/2]
, as required by the wanted auray. Again,although numerially our result is muh more
preise than the one given by Kinoshita and Nio [5℄, it agrees very well with it within their quoted errors.
• Two Eletron Loops and Two Muon Loops, Fig. 2(C) [six diagrams℄:
We reall the expression in Eq. (3.21)
a(eeµµ)µ =
(α
π
)4
(−6) 1
2πi
cs+i∞∫
cs−i∞
ds
(
4m2e
m2µ
)−s
Γ(s)Γ(1− s) Ω2(s) R2(s) , (6.6)
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with Ω2(s) and R2(s) in Eqs. (4.42) and (4.12). Here, the multipoles at s = 0 generate the terms
a(eeµµ)µ ∼
[s → 0]
(α
π
)5{(
−943
486
− 8
405
π2 +
16
9
ζ(3)
)
log2
m2µ
m2e
+
(
57899
7290
− 10766
6075
π2 +
8
81
π4 − 8
135
ζ(3)
)
log
m2µ
m2e
−1090561
109350
− 148921
91125
π2 − 106
6075
π4 +
10732
2025
ζ(3) +
32
27
π2ζ(3)
}
, (6.7)
whih agree with the expression found in Laporta [9℄. We have also alulated the ontributions up to
O
[(
m2e
m2µ
)3
log3
m2µ
m2e
]
, whih an be found in the Appendix. Our numerial result agrees with the one given
by Kinoshita and Nio [5℄ within their quoted errors.
• One Eletron Loop and Three Muon Loops, Fig 2.(D) [four diagrams℄:
We reall the expression in Eq. (3.22)
a(eµµµ)µ =
(α
π
)5
(−4) 1
2πi
cs+i∞∫
cs−i∞
ds
(
4m2e
m2µ
)−s
Γ(s)Γ(1 − s) Ω3(s) R1(s) , (6.8)
with Ω3(s) and R1(s) in Eqs. (4.42) and (4.12). Here, there is a double pole at s = 0 whih generates the terms
a(eµµµ)µ ∼
[s → 0]
(α
π
)5{(151849
30618
− 8
135
π4 +
128
189
ζ(3)
)
log
m2µ
m2e
−46796257
3214890
+
143
81
π2 +
124
8505
π4 +
92476
6615
ζ(3)− 16
9
π2ζ(3)
}
, (6.9)
in agreement wit the expression found in Laporta [9℄. We have also alulated the ontributions up to
O
[(
m2e
m2µ
)3
log3
m2µ
m2e
]
, whih are given in the Appendix. Our numerial result also agrees very well with the
one given by Kinoshita and Nio [5℄ within their quoted errors.
VII. CONTRIBUTIONS FROM ELECTRON LOOPS AND ONE TAU LOOP
We shall nally disuss the alulation of vauum polarization ontributions involving eletron loops and a tau loop.
The orresponding expressions are the ones in Eqs. (3.17) and (3.23). As already mentioned, the problem here is the
non fatorization of the dependene in the the two Mellin variables s and t beause of the presene in the integrand
of the funtion Θ(s, t) dened in Eq. (3.18).
A. Two Eletron Loops and One Tau Loop
The orresponding expression in this ase is the one given in Eq. (3.17). Using the result obtained for R2(s) in
Eq. (4.12) and the expression for Θ(s, t) in Eq. (3.18), we have:
a(eeτ)µ =
(α
π
)4 3
(2iπ)2
cs+i∞∫
cs−i∞
ds
cs+i∞∫
cs−i∞
dt
(
4m2e
m2µ
)−s(m2µ
m2τ
)−t
Γ(1 + 2s− 2t) Γ(2− s+ t)
Γ(3 + s− t) ×
2
9
√
π
6 + 13s+ 4s2
s3(2 + s)(3 + s)
Γ2(1 + s) Γ(2 − s)
Γ(32 + s)
Γ(t) Γ(1− t) Γ2(2 − t)
t Γ(4 − 2t) . (7.1)
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The evaluation of the asymptoti behaviour of this type of integral alls for a more sophistiated material than
the inverse mapping theorem applied to the previous ases where there was only one ratio of masses. Indeed, the
generalization of the inverse mapping theorem to this ase is a typial problem of alulus of residues in C2. Let us
then adopt the standard notation of multidimensional omplex analysis [37℄ and denote by ω(eeτ) the following 2-form:
ω(eeτ) =
2
√
π
3
(
4m2e
m2µ
)−s(m2µ
m2τ
)−t
Γ(t) Γ(1− t) Γ2(2− t)
t Γ(4− 2t) ×
(6 + 13s+ 4s2)
s3(2 + s)(3 + s)
Γ2(s+ 1) Γ(2− s)
Γ(s+ 32 )
×
Γ(1 + 2s− 2t) Γ(2− s+ t)
Γ(3 + s− t) ds ∧ dt . (7.2)
Reall that the MellinBarnes representation in Eq. (7.1) is valid for all s and t suh that Re(s) ∈]0, 1[ and Re(t) ∈
] − 1, 0[; these two onditions resulting in the grey fundamental square in the plane [Re(s),Re(t)], as illustrated in
Fig. 9. In the ase of two Mellin variables, this fundamental square, whih in general may beome a fundamental
polyhedra, generalizes the onept of the fundamental strip in the ase of one variable. Sine both
4m2e
m2µ
and
m2µ
m2τ
are
small, the asymptoti behaviour we are looking for in Eq. (7.1), will be governed by the residues assoiated to the
singularities of ω(eeτ) in the one {Re(s) ≤ 0,Re(t) ≤ −1}, denoted by Π in Fig. 9. Formally, the solution to our
problem is then given by the sum [38℄
a(eeτ)µ =
(α
π
)4 ∑
(s0,t0)∈Π
Res(s0,t0) ω
(eeτ) . (7.3)
From the expression in Eq. (7.2), one an easily see that the singularities in the plane [Re(s),Re(t)] assoiated to
ω(eeτ), are dened by a set of straight lines. For example, Γ(2− s+ t) indues a family of singular lines parameterized
by the ane equation: Re(t) = Re(s) − (2 + n), n ≥ 0. Eah of the singular lines is alled a divisor. As disussed in
ref. [29℄, it is suient for our purposes to onsider the singular set of points dened by the intersetions of all the
divisors in the appropriate one. In our ase, a subset of the nearest singular points to the origin of the one Π, is
illustrated by the red dots in Fig. 9.
Fig. 9 Plot of the divisors and the singular set of points of ω(eeτ) in Eq. (7.2). The small red dots are singularities of the rst
kind; the larger red dots are singularities of the seond kind. Notie that the singularities on the line s = − 2k+1
2
, k ≥ 1, are
sreened by the presene of the fator Γ(s+ 3
2
) in the denominator of ω(eeτ).
There are in fat two kinds of singularities to onsider:
1. Singularities of the first kind, where only vertial and horizontal divisors (two or more) ross eah other.
In order to obtain the residue assoiated to suh a singular point (s0, t0), one proeeds as follows:
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• First perform the hange of variables s ↔ s0 + s, t ↔ t0 + t so as to bring the singularity to the origin
(0, 0).
• Use the funtional relation Γ(z+1) = zΓ(z) for eah singular Gamma funtion until reahing an expression
of the type
ω(eeτ) =
h(s, t)
sntm
ds ∧ dt , (7.4)
expliitly showing the full singular behaviour at the origin, with h(s, t) an analyti funtion at (0, 0) and
n and m positive integers.
• Then, use the Cauhy formula
Res(0,0) ω
(eeτ) =
1
(n− 1)!(m− 1)!
∂n+m−2 h(s, t)
∂sn−1∂tm−1
∣∣∣∣∣
(0,0)
. (7.5)
2. Singularities of the seond kind, where two or more divisors ross eah other, one or more of them being
oblique lines.
This is the ase, for instane, at the point (0,−2) in Fig. 9. In fat, in our ase, the singularities of the seond
kind at a point (s0, t0) are indued either by the oblique divisors generated by Γ(1 + 2s + 2t) or the oblique
divisors generated by Γ(2− s+ t). In order to obtain the residue assoiated to a singularity of the seond kind
at a generi point (s0, t0), one proeeds as follows:
• Again, rst perform the hange of variables s ↔ s0 + s, t ↔ t0 + t so as to bring the problem bak to
a singularity at the origin (0, 0); and then apply the funtional relation Γ(z + 1) = zΓ(z) to the singular
Gamma funtions in question, until able to write ω(eeτ) in a way whih expliitly shows the full singular
behaviour in question:
ω(eeτ) =
h(s, t)
sn tm (−s+ t) ds ∧ dt , (7.6)
with h(s, t) an analyti funtion at (0, 0) and n and m positive integers. The fator t−s in the denominator
is spei to the lass of oblique divisors in our ase whih are all parallel lines to s = t with multipliity
one.
• Apply the Transformation Law for Residues [26℄, to the form ω(eeτ) in Eq. (7.6) so as to fully deouple the
s and t dependene in the denominator. This, of ourse, requires some explanation whih we next provide.
To be preise, let us disuss the ase of the singular point (0,−2) in Fig. 9. There is a very important theorem in
multidimensional omplex analysis, known as the Transformation Law for Residues [26℄ whih, in the ase of C2,
states that if U is an open set ontaining (0, 0); if f =
[
f1(s, t)
f2(s, t)
]
and g =
[
g1(s, t)
g2(s, t)
]
are two analyti mappings
from U to C2 suh that f−1(0, 0) = g−1(0, 0) = (0, 0); and if there exists an analyti two-by-two matrix A suh
that g = Af , then
Res(0,0)
h(s, t)
f1(s, t) f2(s, t)
ds ∧ dt = Res(0,0)
h(s, t) detA(s, t)
g1(s, t) g2(s, t)
ds ∧ dt . (7.7)
The appliation of this theorem to our ase goes as follows:
• First note that with the hange of variables s→ s− t, t→ t,
Res(0,0)
h(s, t)
s3t(−s+ t) ds ∧ dt = Res(0,0)
h(−s+ t, t)
st(−s+ t)3 ds ∧ dt . (7.8)
We do this beause in this form and as shown in the next step, we an then nd easily a matrix A to apply
the Transformation Law for Residues.
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• Indeed, with f the vetor:
f =
[
st
(−s+ t)3
]
, (7.9)
we an nd a matrix A whih does the transformation:[−s4
t4
]
︸ ︷︷ ︸
.
=g
=
[−t2 + 3st− 3s2 s
s2 − 3st+ 3t2 t
]
︸ ︷︷ ︸
.
=A
[
st
(−s+ t)3
]
︸ ︷︷ ︸
.
=f
, (7.10)
and
detA = −(s3 + t3) . (7.11)
• By virtue of the theorem quoted above, we an then assert that
Res(0,0)
h(−s+ t, t)
st(−s+ t)3 ds ∧ dt = Res(0,0) h(−s+ t, t)
s3 + t3
s4t4
ds ∧ dt
= Res(0,0) h(−s+ t, t)
(
1
st4
+
1
s4t
)
ds ∧ dt
=
1
6
[
∂3[h(−s+ t, t)]
∂t3
+
∂3[h(−s+ t, t)]
∂s3
]
(0,0)
, (7.12)
where in going from the seond line to the third, we have applied the Cauhy formula in Eq. (7.5).
• Finally, from Eq. (7.8), and applying the formula for hainderivation in Eq. (7.12), we get the result
Res(0,0)
h(s, t)
s3t(−s+ t) ds ∧ dt =
1
2
∂3h(s, t)
∂s2∂t
∣∣∣∣∣
(0,0)
+
1
2
∂3h(s, t)
∂s∂t2
∣∣∣∣∣
(0,0)
+
1
6
∂3h(s, t)
∂t3
∣∣∣∣∣
(0,0)
. (7.13)
We shall now proeed to the alulation of a
(eeτ)
µ in Eq. (7.3), following the proedure whih we have just outlined.
• Singularities on the line t = −1.
 The leading singularity is at the point (s0, t0) = (0,−1), and it is a singularity of the rst kind. After
translation to the origin and the redution to an expliit singular form, we an write ω(eeτ) in the following
way:
ω(eeτ) =
h(0,−1)(s, t)
s3t
ds ∧ dt , (7.14)
with
h(0,−1)(s, t) =
2
√
π
3
(
4m2e
m2µ
)−s(m2µ
m2τ
)1−t
Γ(3 + 2s− 2t) Γ(1− s+ t)
Γ(4 + s− t) ×
Γ2(1 + s)Γ(2− s)(6 + 13s+ 4s2)
(2 + s)(s+ 3)Γ
(
3
2 + s
) Γ2(3− t)Γ(1 + t)Γ(2 − t)
(−1 + t)2 Γ(6− 2t) . (7.15)
Then, using Eq. 7.5, we get
Res(0,−1) ω
(eeτ) =
1
2
∂2h(0,−1)
∂s2
∣∣∣∣∣
(0,0)
=
(
m2µ
m2τ
)[
1
135
log2
m2µ
m2e
− 1
135
log
m2µ
m2e
− 61
2430
+
2
405
π2
]
. (7.16)
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 The next singularity on the line t = −1 is at the point (s0, t0) = (−1,−1), and it is also a singularity of
the rst kind. In a similar way to the singularity in (0,−1), one an easily nd that the residue assoiated
to this singularity is given by the expression
Res(−1,−1) ω
(eeτ) =
(
m2e
m2τ
)[
2
15
log
m2µ
m2e
− 5
9
]
, (7.17)
whih gives a small ontribution beause of the suppression fator
(
m2e
m2τ
)
.
• Singularities on the line t = −2
 The singularity nearest to the origin on the line t = −2 is at (s0, t0) = (0,−2) and it is of the seond kind.
After translation to the origin and the redution to an expliit singular form, we an write ω(eeτ) in the
following way:
ω(eeτ) =
h(0,−2)(s, t)
s3t(−s+ t) ds ∧ dt , (7.18)
where
h(0,−2)(s, t) =
(
4m2e
m2µ
)−s(m2µ
m2τ
)2−t
2
√
π
3
Γ(5 + 2s− 2t)Γ(1− s+ t)
Γ(5 + s− t) ×
(6 + 13s+ 4s2)Γ2(1 + s)Γ(2− s)
(2 + s)(3 + s)Γ
(
3
2 + s
) Γ(1 + t)Γ(3− t)
(−1 + t)(−2 + t)2
Γ2(4− t)
Γ(8− 2t) . (7.19)
Then, using the result in Eq. 7.13,we get
Res(0,−2) ω
(eeτ) =
1
2
∂3h(0,−2)
∂s2∂t
|(0,0) +
1
2
∂3h(0,−2)
∂s∂t2
|(0,0) +
1
6
∂3h(0,−2)
∂t3
|(0,0)
=
(
m2µ
m2τ
)2 [
1
1260
log3
m2µ
m2τ
−
(
1
420
log
m2µ
m2e
+
37
44100
)
log2
m2µ
m2τ
+
(
1
420
log2
m2µ
m2e
+
37
22050
log
m2µ
m2e
+
40783
4630500
)
log
m2µ
m2τ
+
3
19600
log2
m2µ
m2e
+
(
π2
630
− 229213
12348000
)
log
m2µ
m2e
+
π2
1512
− 30026659
5186160000
]
, (7.20)
whih for onveniene we have ordered in dereasing powers of
(
m2µ
m2τ
)2
logn
m2µ
m2τ
with n = 3, 2, 1, 0.
The other singularities on the line t = −2 (for s = −1, −2 and further) turn out to give ontributions whih are
too small to be of physial relevane.
• Other Singularities
In fat there is only one more singularity whih an give rise to a term of the order of the present experimental
error limitations. This is the singularity at (0,−3). Its residue an be omputed exatly in the same way
as the one for the singularity at (0,−2) with the result, ordered in dereasing powers of
(
m2µ
m2τ
)3
logn
m2µ
m2τ
with
n = 3, 2, 1, 0:
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Res(0,−3) ω
(eeτ) =
(
m2µ
m2τ
)3 [
2
2835
log3
m2µ
m2τ
−
(
2
945
log
m2µ
m2e
+
199
595350
)
log2
m2µ
m2τ
+
(
2
945
log2
m2µ
m2e
+
199
297675
log
m2µ
m2e
+
1368473
187535250
)
log
m2µ
m2τ
+
131
297675
log2
m2µ
m2e
−
(
4
2835
π2 − 1102961
75014100
)
log
m2µ
m2e
+
π2
14175
− 311791591
472588830000
]
. (7.21)
The total ontribution from Eqs. (7.16), (7.17), (7.20) and (7.21) to a
(eeτ)
µ , ordered in a dereasing order of
magnitude, is given in Eq. (3.17) in the Appendix.
B. Three Eletron Loops and One Tau Loop
The orresponding expression in this ase is the one given in Eq. (3.23). Using the result obtained for R3(s) in
Eq. (4.28) and the expression for Θ(s, t) in Eq. (3.18), we an write expliitly the two form assoiated to this integral
as follows:
ω(eeeτ) =
8
√
π
864
(
4m2e
m2µ
)−s(m2µ
m2τ
)−t
Γ(t) Γ(1− t) Γ2(2− t)
t Γ(4− 2t) ×
Γ2(s)Γ(1− s)
Γ
(
11
2 + s
) [ P7(s)
s(1 + s)(2 + s)
− (1 + s)(35 + 21s+ 3s2)
(
27π2 − 162 ψ(1)(s)
)]
×
Γ(1 + 2s− 2t) Γ(2− s+ t)
Γ(3 + s− t) ds ∧ dt , (7.22)
where P7(s) is the polynomial given in Eq. (4.33). When omparing the two forms ω
(eeτ)
µ in Eq. (7.2) and ω
(eeeτ)
µ
in Eq. (7.22), we an see that they only dier in the form of the fatorized sdependene. Therefore, exept for the
multipliity of the vertial divisors, the plot of the singular points assoiated to ω
(eeeτ)
µ whih we show in Fig. 10 is
pretty muh the same as the one for ω
(eeeτ)
µ in Fig. 9. It is then not surprising that the alulation of the asymptoti
behaviour of the integral in Eq. (3.23) turns out to be very similar to the one disussed in the previous subsetion.
Fig. 10 Plot of some of the divisors and singular points of ω
(eeeτ)
µ with the same onventions as in Fig. 9. Only the
multipliity of the vertial divisors diers from the former ase.
31
Residues at the singular points in Fig. 10 are omputed following the strategy disussed in the previous subsetion,
where one uses the funtional relations: Γ(z + 1) = zΓ(z) and ψ(1)(1 + z) = ψ(1)(z)− 1z2 .
For the singularities of the rst kind one an then use Eq. (7.5). The new type of singularities of the seond kind are
reduible to a form of the type
ω(eeeτ) =
h(s, t)
s4 t (−s+ t) ds ∧ dt , (7.23)
with h some analyti funtion at the origin. In this ase, the appropriate A-matrix to implement the Transformation
Law for Residues reads: [−t3 + 4st2 − 6s2t+ 4s3 s
−s3 + 4s2t− 6st2 + 4t3 t
]
, (7.24)
and proeeding as explained in the previous subsetion one nally obtains:
Res(0,0)
h(s, t)
s4 t (−s+ t) ds ∧ dt =
1
4!
[
∂4h(s, t)
∂t4
+ 4
∂4h(s, t)
∂s∂t3
+ 6
∂4h(s, t)
∂s2∂t2
+ 4
∂3hs, t)
∂s3∂t
]
(0,0)
. (7.25)
Let us now disuss the expliit alulation of a
(eeeτ)
µ .
• Singularities on the line t = −1.
 As in the ase of a
(eeτ)
µ , the leading singularity is the one at (s0, t0) = (0,−1) and it is a singularity of the
rst kind. Performing the hange of variables t↔ −1 + t we write:
ω(eeeτ) =
h(0,−1)(s, t)
s4t
ds ∧ dt , (7.26)
where
h(0,−1)(s, t) =
8
√
π
864
(
4m2e
m2µ
)−s(m2µ
m2τ
)1−t
Γ(1 + t) Γ(2− t) Γ2(3− t)
(−1 + t)2 Γ(6− 2t)
Γ2(1 + s)Γ(1 − s)
Γ
(
11
2 + s
) ×
{
s P7(s)
(1 + s)(2 + s)
− (1 + s)(35 + 21s+ 3s2)
[
−162 + 27π2s2 − 162 ψ(1)(1 + s)
]}
×
Γ(3 + 2s− 2t) Γ(1− s+ t)
Γ(4 + s− t) . (7.27)
From this expression we obtain
Res(0,−1) ω
(eeeτ) =
1
3!
∂3h(0,−1)
∂s3
∣∣∣∣∣
(0,0)
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4
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log
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− 4π
2
215
− 16
405
ζ(3)
]
, (7.28)
whih provides the leading ontribution to a
(eeeτ)
µ
 The next singularity is at (s0, t0) = (−1,−1). Also a singularity of the rst kind, whose residue we nd to
be
Res(−1,−1) ω
(eeeτ) =
(
m2e
m2τ
)[
4
45
log2
m2µ
m2e
− 20
27
log
m2µ
m2e
+
634
405
+
8π2
135
]
, (7.29)
and gives a ontribution suppressed by a fator
(
m2e
m2τ
)
.
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• Singularities on the line t = −2.
 The singularity at (s0, t0) = (0,−2) is of the seond kind. After the hange of variables t ↔ −2 + t, and
using standard funtional relations, one an write ω(eeeτ) in the following way
ω(eeeτ) =
h(0,−2)(s, t)
s4t(−s+ t) ds ∧ dt (7.30)
with
h(0,−2)(s, t) =
8
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π
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(
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)−s(m2µ
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(−1 + t)(−2 + t)2 Γ(8− 2t)
Γ2(1 + s)Γ(1− s)
Γ
(
11
2 + s
) ×
{
s P7(s)
(1 + s)(2 + s)
− (1 + s)(35 + 21s+ 3s2)
[
−162 + 27π2s2 − 162 ψ(1)(1 + s)
]}
×
Γ(5 + 2s− 2t) Γ(1 − s+ t)
Γ(5 + s− t) . (7.31)
Aording to Eq. (7.25), we have:
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log2
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log
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4
4725
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1225
ζ(3)
]
(7.32)
whih for onveniene we have ordered in dereasing powers of
(
m2µ
m2τ
)2
logn
m2µ
m2τ
with n = 4, 3, 2, 1, 0.
• Singularities on the line t = −3.
 The singularity at (0,−3) is also of the seond kind, and its residue an be omputed in the same way as
the one for the singularity at (0,−2). One nds:
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Res(0,−3) ω
(eeeτ) =
(
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m2τ
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log4
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log
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log3
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log2
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log
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log2
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log3
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log2
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log
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log
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log3
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log2
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log
m2µ
m2e
− 20302969165147
446596444350000
− 6299
1913625
π2 +
32
42525
π4 +
2096
893025
ζ(3)
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(7.33)
whih for onveniene we have ordered in dereasing powers of
(
m2µ
m2τ
)3
logn
m2µ
m2τ
with n = 4, 3, 2, 1, 0.
The other singularities have residues whih give ontributions smaller than the error indued by the leading
term. The total ontribution from Eqs. (7.28), (7.29), (7.32) and (7.33) to a
(eeeτ)
µ , ordered in a dereasing order
of magnitude, is given in Eq. (B.9) in the Appendix. Notie that, numerially, the ontribution with one tau
loop and three eletron loops: a
(eeeτ)
µ , is of the same size as the ontribution from three muon loops and one
eletron loop: a
(eµµµ)
µ .
APPENDIX
The purpose of this appendix is to ollet systematially the various results disussed in the previous setions. This
may be useful to readers who are only interested in the nal analyti expressions and the numerial results. The
values that we have used for the lepton masses are the ones in the 2006 PDG booklet [30℄:
me = 0.510 998 92(04) MeV , mµ = 105.658 369(9) MeV and mτ = 1776.99(29) MeV . (0.34)
A. Eighth Order Results
These are the results orresponding to the Feynman diagrams in Fig. 1 with the ombinatori fators inluded. The
numbers in italis are the results from the numerial evaluation of Kinoshita and Nio in ref. [5℄.
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B. Tenth Order Results
These are the results orresponding to the Feynman diagrams in Fig. 2 with the ombinatori fators inluded.
Our numerial results for a
(eeee)
µ , a
(eeeµ)
µ , a
(eeµµ)
µ , and a
(eµµµ)
µ agree, within errors, with those of Laporta [9℄ whih,
however, he obtained using an older determination of the mass ratio
mµ
me
= 206.768 262(30). The number in italis
are the results from the numerial evaluation of Kinoshita and Nio in ref. [6℄.
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